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1. Introduction
For any abelian group A and natural number q, the qth Eilenberg–MacLane simplicial set K (A,q) represents the qth
cohomology group functor with coeﬃcients in A in the sense that for every simplicial set X , there is a bijective correspon-
dence [4]
Hq(X; A) ∼= [X, K (A,q)].
This classiﬁcation results have been generalized for cohomology with local coeﬃcients in [10,9,3]. In this classiﬁcation the
generalized Eilenberg–MacLane complex Lπ (A,q) [8] plays the role of the classifying complex, where the local coeﬃcients
system on X is given by an action of π = π1(X) on A. The complex Lπ (A,q) appears as the total space of a Kan ﬁbration
Lπ (A,q) → Wπ , where Wπ denotes the standard W -construction of π [11]. The ﬁbration may be interpreted as an object
of the slice category S/Wπ , where S denotes the category of simplicial sets. There is a canonical map θ : X → Wπ and
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bijectively to the vertical homotopy classes of liftings of θ .
The aim of this paper is to prove an equivariant version of the above classifying result. We ﬁrst describe a simplicial
version of Bredon–Illman cohomology with local coeﬃcients [12]. Next we deﬁne equivariant twisted cohomology of a
simplicial set X equipped with simplicial action of a discrete group G , where twisting in this equivariant context appears as
a natural transformation from the OG -simplicial set ΦX [6], to the category of OG -group complex, OG being the category
of canonical orbits of G [2]. We then prove that for a suitable twisting, induced from a given equivariant local coeﬃcients
on X , the simplicial version of Bredon–Illman cohomology with local coeﬃcients of X is isomorphic to the equivariant
twisted cohomology of X .
Finally, we construct a contravariant functor from OG to the category of Kan complexes which assigns to each object
G/H of OG a generalized Eilenberg–MacLane complex, which will be called the generalized OG -Eilenberg–MacLane complex
and use it to prove the classiﬁcation theorem. We refer to [13], for a classiﬁcation result of Bredon cohomology of simplicial
sets equipped with a group action.
The paper is organized as follows. In Section 2, we recall some standard results and ﬁx notations. In Section 3, we intro-
duce the notion of fundamental groupoid and local coeﬃcients system on a simplicial set equipped with simplicial action of
a discrete group and deﬁne the notion of twisting in the equivariant context. In Section 4, we deﬁne the simplicial version of
Bredon–Illman cohomology and equivariant twisted cohomology and show that under some connectivity assumptions they
are isomorphic. In Section 5, we use a functorial construction of the generalized Eilenberg–MacLane complexes to obtain
the generalized OG -Eilenberg–MacLane complex and prove the main classiﬁcation results.
2. Preliminaries on G-simplicial sets
In this section we set up our notations, introduce some basic deﬁnitions and recall some standard facts.
Let  be the category whose objects are ordered sets
[n] = {0< 1< · · · < n}, n 0,
and morphisms are non-decreasing maps f : [n] → [m]. There are some distinguished morphisms di : [n−1] → [n], 0 i  n,
called cofaces and si : [n + 1] → [n], 0 i  n, called codegeneracies, deﬁned as follows:
di( j) = j, j < i, and di( j) = j + 1, j  i (n > 0, 0 i  n);
si( j) = j, j  i, and si( j) = j − 1, j > i (n 0, 0 i  n).
These maps satisfy the standard cosimplicial relations.
A simplicial object X in a category C is a contravariant functor X :  → C . Equivalently, a simplicial object is a sequence
{Xn}n0 of objects of C , together with C-morphisms ∂i : Xn → Xn−1 and si : Xn → Xn+1, 0 i  n, verifying the following
simplicial identities:
∂i∂ j = ∂ j−1∂i, ∂i s j = s j−1∂i, if i < j,
∂ j s j = id = ∂ j+1s j,
∂i s j = s j∂i−1, i > j + 1; si s j = s j+1si, i  j.
A simplicial map f : X → Y between two simplicial objects in a category C , is a collection of C-morphisms fn : Xn → Yn ,
n 0, commuting with ∂i and si .
In particular, a simplicial set is a simplicial object in the category of sets. Throughout S will denote the category of
simplicial sets and simplicial maps.
For any n-simplex x ∈ Xn , in a simplicial set X , we shall use the notation ∂(i1,i2,...,ir)x to denote the simplex ∂i1∂i2 · · ·∂ir x
obtained by applying the successive face maps ∂ir−k on x, where 0 ir−k  n − k, 0 k r − 1.
Recall that the simplicial set [n], n 0, is deﬁned as follows. The set of q-simplices is
[n]q =
{
(a0,a1, . . . ,aq); where ai ∈ Z, 0 a0  a1  · · · aq  n
}
.
The face and degeneracy maps are deﬁned by
∂i(a0, . . . ,aq) = (a0, . . . ,ai−1,ai+1, . . . ,aq), s j(a0, . . . ,aq) = (a0, . . . ,ai,ai, . . . ,aq).
Alternatively, the set of k-simplices can be viewed as the contravariant functor
[n]([k])= Hom([k], [n]),
the set of -morphisms from [k] to [n]. The only non-degenerate n-simplex is id : [n] → [n] and is denoted by n . In the
earlier notation, it is simply, n = (0,1, . . . ,n).
It is well known that if X is a simplicial set, then for any n-simplex x ∈ Xn there is a unique simplicial map x : [n] → X
with x(n) = x. Often by an n-simplex in a simplicial set X we shall mean either an element x ∈ Xn or the corresponding
simplicial map x.
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σi(n+1) = si(n). The boundary subcomplex ∂[n] of [n] is deﬁned as the smallest subcomplex of [n] containing the
faces ∂in , i = 0,1, . . . ,n. The kth horn Λnk of [n] is the subcomplex of [n] which is generated by all the faces ∂in
except the kth face ∂kn .
Deﬁnition 2.1. Let G be a discrete group. A G-simplicial set is a simplicial object in the category of G-sets. More precisely,
a G-simplicial set is a simplicial set {Xn; ∂i, si, 0 i  n}n0 such that each Xn is a G-set and the face maps ∂i : Xn → Xn−1
and the degeneracy maps si : Xn → Xn+1 commute with the G-action. A map between a G-simplicial sets is a simplicial
map which commutes with the G-action.
Deﬁnition 2.2. A G-simplicial set X is called G-connected if each ﬁxed point simplicial set XH , H ⊆ G , is connected.
Deﬁnition 2.3. Two G-maps f , g : K → L between two G-simplicial sets are G-homotopic if there exists a G-map F : K ×
[1] → L such that
F ◦ (id× δ1) = f , F ◦ (id× δ0) = g.
The map F is called a G-homotopy from f to g and we write F : f G g . If i : K ′ ⊆ K is an inclusion of subcomplex and
f , g agree on K ′ then we say that f is G-homotopic to g relative to K ′ if there exists a G-homotopy F : f G g such that
F ◦ (i × id) = α ◦ pr1, where α = f |′K = g|′K and pr1 : K ′ × [1] → K ′ is the projection onto the ﬁrst factor. In this case we
write F : f G g(rel K ′).
Deﬁnition 2.4. A G-simplicial set is a G-Kan complex if for every subgroup H ⊆ G the ﬁxed point simplicial set XH is a Kan
complex.
Remark 2.5. Recall [1,7] that the category GS has a closed model structure [14], where the ﬁbrant objects are the G-Kan
complexes and coﬁbrant objects are the G-simplicial sets. From this it follows that G-homotopy on the set of G-simplicial
maps K → L is an equivalence relation, for every G-simplicial set K . More generally, relative G-homotopy is an equivalence
relation if the target is a G-Kan complex.
We consider G/H × [n] as a simplicial set where (G/H × [n])q = G/H × ([n])q with face and degeneracy maps as
id × ∂i and id × si . Note that the group G acts on G/H by left translation. With this G-action on the ﬁrst factor and trivial
action on the second factor G/H × [n] is a G simplicial set.
A G-simplicial map σ : G/H × [n] → X is called an equivariant n-simplex of type H in X .
Remark 2.6. We remark that for a G-simplicial set X , the set of equivariant n-simplices in X is in bijective correspondence
with n-simplices of XH . For an equivariant n-simplex σ , the corresponding n-simplex is σ ′ = σ(eH,n). The simplicial map
[n] → XH , n 
→ σ ′ will be denoted by σ .
We shall call σ degenerate or non-degenerate according as the n-simplex σ ′ ∈ XHn is degenerate or non-degenerate.
Recall that the category of canonical orbits, denoted by OG , is a category whose objects are cosets G/H , as H runs
over the all subgroups of G . A morphism from G/H to G/K is a G-map. Recall that such a morphism determines and is
determined by a subconjugacy relation g−1Hg ⊆ K and is given by gˆ(eH) = gK . We denote this morphism by gˆ [2].
Deﬁnition 2.7. A contravariant functor from OG to S is called an OG -simplicial set. A map between OG -simplicial sets is a
natural transformation of functors.
We shall denote the category of OG -simplicial sets by OGS .
Deﬁnition 2.8. Given two maps T , S : X → Y of OG -simplicial sets, a homotopy F : T  S is deﬁned as follows. Let X ×[1]
be the OG -simplicial set, G/H 
→ X(G/H) × [1]. Then a homotopy F : T  S is a map F : X × [1] → Y of OG -simplicial
sets such that for every object G/H in OG , F (G/H) is a homotopy T (G/H)  S(G/H) of simplicial maps.
The notion of OG -groups or OG -abelian groups has the obvious meaning replacing S by Grp or Ab.
If X is a G-simplicial set then
X(G/H) := XH , X(gˆ) = gx, x ∈ XH , g−1Hg ⊆ K
is an OG -simplicial set. This OG -simplicial set will be denoted by ΦX .
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of G ,
π X(G/H) := π1
(
XH , v
)
and for a morphism gˆ : G/H → G/K , g−1Hg ⊆ K , π X(gˆ) is the homomorphism in fundamental groups induced by the
simplicial map g : XK → XH .
Deﬁnition 2.9. An OG -group π is said to act on an OG -simplicial set (group or abelian group) X if for every subgroup
H ⊆ G , π(G/H) acts on X(G/H) and this action is natural with respect to maps of OG . Thus if
φ(G/H) : π(G/H) × X(G/H) → X(G/H)
denotes the action of π(G/H) on X(G/H) then for each subconjugacy relation g−1Hg ⊆ K ,
φ(G/H) ◦ (π(gˆ) × X(gˆ))= X(gˆ) ◦ φ(G/K ).
3. Equivariant local coeﬃcients and twisting function
In this section we introduce the notion of fundamental groupoid of a G-simplicial set X and deﬁne the notion of (equiv-
ariant) local coeﬃcients system on X and discuss a method of generating local coeﬃcients system from an abelian OG -group
equipped with an action of the OG -group π X . At the end of this section we introduce the notion of twisting function in
the equivariant context.
We begin with the notion of fundamental groupoid. Recall [9] that the fundamental groupoid π X of a Kan complex X
is a category having as objects all 0-simplexes of X and a morphism x → y in π X is a homotopy class of 1-simplices
ω : [1] → X rel ∂[1] such that ω ◦ δ0 = y, ω ◦ δ1 = x. If ω2 represents an arrow from x to y and ω0 represents an arrow
from y to z, then their composite [ω0] ◦ [ω2] is represented by Ω ◦ δ1, where the simplicial map Ω : [2] → X corresponds
to a 2-simplex, which is determined by the compatible pair (ω′0, ,ω′2). For a simplicial set X the notion of fundamental
groupoid is deﬁned via the geometric realization and the total singular functor.
Recall that an equivariant n-simplex of type H , H being a subgroup of G , is a G-simplicial map σ : G/H×[n] → X . Each
such σ corresponds to an n-simplex σ ′ ∈ XH and σ : [n] → XH is the simplicial map given by σ(n) = σ ′ = σ(eH,n).
Suppose xH and yK are equivariant 0-simplices of type H and K , respectively, and gˆ : G/H → G/K is a morphism in OG ,
given by a subconjugacy relation g−1Hg ⊆ K , g ∈ G , so that gˆ(eH) = gK . Moreover suppose that we have an equivariant
1-simplex φ : G/H × [1] → X of type H such that
φ ◦ (id× δ1) = xH , φ ◦ (id× δ0) = yK ◦ (gˆ × id).
Then, in particular, φ′ is a 1-simplex in XH such that ∂1φ′ = x′H and ∂0φ′ = gy′K . Observe that the 0-simplex gy′K in XH
corresponds to the composition
G/H × [0] gˆ×id−−−→ G/K × [0] yK−→ X
and φ is a G-homotopy xH G yK ◦ (gˆ × id).
Deﬁnition 3.1. Let X be a G-Kan complex. The fundamental groupoid Π X is a category with objects equivariant 0-simplices
xH : G/H × [0] → X
of type H , as H varies over all subgroups of G . Given two objects xH and yK in Π X , a morphism from xH → yK is deﬁned
as follows. Consider the set of all pairs (gˆ, φ) where gˆ : G/H → G/K is a morphism in OG , given by a subconjugacy relation
g−1Hg ⊆ K , g ∈ G so that gˆ(eH) = gK and φ : G/H × [1] → X is an equivariant 1-simplex such that
φ ◦ (id× δ1) = xH , φ ◦ (id× δ0) = yK ◦ (gˆ × id).
The set of morphisms in Π X from xH to yK is a quotient of the set of pairs mentioned above by an equivalence relation
‘∼’, where (gˆ1, φ1) ∼ (gˆ2, φ2) if and only if g1 = g2 = g (say) and there exists a G-homotopy Φ : G/H ×[1]×[1] → X of
G-homotopies such that Φ : φ1 G φ2 (rel G/H × ∂[1]). Since X is a G-Kan complex, by Remark 2.5, ∼ is an equivalence
relation. We denote the equivalence class of (gˆ, φ) by [gˆ, φ]. The set of equivalence classes is the set of morphisms in Π X
from xH to yK .
The composition of morphisms in Π X is deﬁned as follows. Given two morphisms
xH
[gˆ1,φ1]−−−−→ yK [gˆ2,φ2]−−−−→ zL
their composition [gˆ2, φ2] ◦ [gˆ1, φ1] is [ĝ1g2,ψ] : xH → zL , where the ﬁrst factor is the composition
G/H
gˆ1−→ G/K gˆ2−→ G/L
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XH determined by the compatible pair of 1-simplices (x0 = a1φ′2, xˆ1, x2 = φ′1) so that ∂0x = g1φ′2 and ∂2x = φ′1. Then ψ is
given by ψ(eH,1) = ∂1x.
The following lemma shows that the composition is well deﬁned.
Lemma 3.2. The equivalence class of (ĝ1g2,ψ) does not depend on the choice of the representatives of [gˆ1, φ1] and [gˆ2, φ2].
Proof. Suppose [gi, φi] = [gi, λi], i = 1,2. Then there exist G-homotopies Θi : φi G λi (rel G/H × ∂[1]) for i = 1,2. Let y
be a 2-simplex in XH determined by the compatible pair (y0 = g1λ′2, yˆ1, y2 = λ′1) as described above so that ∂0 y = g1λ′2
and ∂2 y = λ′1. Let ξ : G/H ×[1] → X be the equivariant 1-simplex determined by ξ(eH,1) = ∂1 y. We need to show that
(ĝ1g2,ψ) ∼ (ĝ1g2, ξ). Observe that Θ i : φi  λi (rel ∂[1]) for i = 1,2. Now consider the right lifting problem
([2] × ∂[1]) ∪ (Λ21 × [1])
(y,x,Θ1,Θ2)
XH
[2] × [1] ∗
where in the above diagram, the right vertical arrow is a ﬁbration and the left vertical arrow is an anodyne extensions.
Therefore the above right lifting problem has a solution F : [2] × [1] → XH and the composition of F with
δ1 × id : [1] × [1] → [2] × [1]
is a homotopy from ψ  ξ (rel ∂[1]). Let F : G/H ×[2]×[1] → X be the G-simplicial map determined by F (eH, s, t) =
F (s, t). Then the composition
G/H × [1] × [1] id×δ1×id−−−−−→ G/H × [2] × [1] F−→ X
is a G-homotopy ψ G ξ (rel G/H × ∂[1]). As a consequence,
[ĝ1g2,ψ] = [ĝ1g2, ξ ]. 
Observe that if X is a G-simplicial set then S|X | is a G-Kan complex, where for any space Y , SY denotes the total
singular complex and for any simplicial set X , |X | denotes the geometric realization of X .
Deﬁnition 3.3. For any G-simplicial set X , we deﬁne the fundamental groupoid Π X of X by Π X := Π S|X |.
Remark 3.4. If G is trivial then Π X reduces to fundamental groupoid π X of a simplicial set X . Again, for a ﬁxed H , the
objects xH together with the morphisms xH → yH with identity in the ﬁrst factor, constitute a subcategory of Π X which is
precisely the fundamental groupoid π XH of XH . Moreover, a morphism [gˆ, φ] from xH to yK , corresponds to the morphism
[φ] in the fundamental groupoid π XH of XH from x′H to ay′K , where φ is as in Remark 2.6. Suppose ξ is a morphism in
π XH from x to y given by a homotopy class [ω], where ω : [1] → XH represents the 1-simplex in XH from x to y. Let xH
and yH be the objects in π XH deﬁned respectively by
xH (eH,0) = x, yH (eH,0) = y.
Then we have a morphism [id,ω] : xH → yH in Π X , where ω(eH,1) = ω(1). We shall denote this morphism corre-
sponding to ξ by bξ .
Deﬁnition 3.5. An equivariant local coeﬃcient system on a G-simplicial set X is a contravariant functor from π X to the
category Ab of abelian groups.
Example 3.6. Let X be a G-simplicial set and n>1. For any object xH in π X , deﬁne M(xH ) = πn(XH , xH (eH)) and for any
morphism [gˆ, φ] : xH → yK deﬁne
M
([gˆ, φ])= ([φ])∗ ◦ πn(g)
where g : XK → XH is the left translation by g and ([φ])∗ is the isomorphism in homotopy groups induced by the morphism
[φ] from x′H to gy′K . Then M is an equivariant local coeﬃcient system on X .
The following discussion gives a generic example of equivariant local coeﬃcient systems on a G-connected G-simplicial
set X having a G-ﬁxed 0-simplex.
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of G , let vH be the object of type H in π X deﬁned by
vH : G/H × [0] → X,
(eH,0) 
→ v.
Then for any morphism gˆ : G/H → G/K in OG given by a subconjugacy relation g−1Hg ⊆ K , we have a morphism [gˆ,k] :
vH → vK in π X , where k : G/H × [1] → X is given by k(eH,1) = s0v .
Deﬁne an abelian OG -group M0 : OG → Ab by M0(G/H) = M(vH ) and M0(gˆ) = M[gˆ,k]. The abelian OG -group M0
comes equipped with a natural action of the OG -group π X as described below.
Let α = [φ] ∈ π X(G/H) = π1(XH , v). Then the morphism [id, φ] : vH → vH where φ(eH,1) = φ(1), is an equivalence
in the category π X . This yields a group homomorphism
b : π1
(
XH , v
)→ Autπ X (vH ), α = [φ] 
→ b(α) = [id, φ].
We remark that the composition of the fundamental group π1(XH , v) coincides with the morphism composition of π X ,
contrary to the usual notion of composition in the fundamental group. The composition of the map b with the group
homomorphism Autπ X (vH ) → AutAb(M(vH )) which sends a ∈ Autπ X (vH ) to [M(a)]−1 deﬁnes the action of π1(XH , v) on
M0(G/H). It is routine to check that this action is natural with respect to morphism of OG .
Conversely, an abelian OG -group M0, equipped with an action of the OG -group π X , deﬁnes an equivariant local coeﬃ-
cient system M on X as follows, where X is G-connected and v ∈ XG a ﬁxed 0-simplex.
For every object xH of type H , deﬁne M(xH ) = M0(G/H). To deﬁne M on morphisms, we choose a 0-simplex, say x,
from each G-orbit of X0 and a 1-simplex ωx to ﬁx a morphism [ωx] from v to x in π XGx . For any other point y in the
orbit of x, we ﬁx the 1-simplex ωy = gωx , where y = gx. Clearly, [ωy] is a morphism in XGy , from v to y. Observe that if
x ∈ XH for a subgroup H of G , then [ωx] is also a morphism in π XH from v to x, as H ⊆ Gx .
Suppose xH
[gˆ,φ]−−−→ yK is a morphism in π X . Then by Remark 3.4, we have a morphism [φ] from x′H to gy′K in π XH .
Deﬁne M([gˆ, φ]) as the following composition
M0(G/K )
M0(gˆ)−−−→ M0(G/H) α−1−−→ M0(G/H),
where α ∈ π1(XH , v) is
α := [ωgy′K ]−1 ◦ [φ] ◦ [ωx′H ],
a composition of morphisms in π XH and the second arrow denotes the inverse of the given action of [α] on M0(G/H).
A straightforward veriﬁcation shows that M is an equivariant local coeﬃcient system on X .
Next we introduce the notion of twisting in the equivariant context. We recall the notion of twisting function on a
simplicial set [11].
Deﬁnition 3.7. Let B be a simplicial set and Γ a group complex. Then a graded function
κ : B → γ , κq : Bq → Γq−1
is called a twisting function if it satisﬁes the following identities:
∂0
(
κq(b)
)= (κq−1(∂0b))−1κq−1(∂1b), b ∈ Bq,
∂i
(
κq(b)
)= κq−1(∂i+1b), i > 0,
si
(
κq(b)
)= κq+1(si+1b), i  0,
κq+1(s0b) = eq, eq being the identity of the group Γq.
Deﬁnition 3.8. Let B be any OG -simplicial set and Γ be an OG -group complex. Then an OG -twisting function is a natural
transformation κ : B → Γ such that κ(G/H) = {κ(G/H)n} is an ordinary twisting function on B(G/H) for all subgroups H
of G .
Example 3.9. Let X be a G-connected G-simplicial set and v be a G-ﬁxed 0-simplex in X . Let π X : OG → Grp be the
OG -group as deﬁned before. We regard π X as an OG -group complex in the trivial way, that is, π X(G/H)n = π X(G/H) for
all n. We choose a 0-simplex x on each G-orbit of X0 and a 1-simplex ωx ∈ XGx such that ∂0ωx = x, ∂1ωx = v . For any other
0-simplex y on the orbit of x we deﬁne ωy = gωx if y = gx. Then it is easy check that this is well deﬁned and ωy ∈ XGy1 .
For a 0-simplex x ∈ XH , let ξH (x) = [ωx] be the homotopy class of ωx : [1] → XH . Deﬁne{
κ(G/H)n
} : XH → π1(XH , v)
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κ(G/H)n(y) := ξH (∂(0,2,...,n) y)−1 ◦ [∂(2,...,n) y] ◦ ξH (∂(1,...,n) y)
where y ∈ (XH )n . It is standard that κ(G/H) is a twisting function on XH . We verify that
κ : ΦX → π X, G/H 
→ κ(G/H)
is natural. Suppose H and K are subgroups such that g−1Hg ⊆ K . Let z ∈ XKn . Then y = gz ∈ XHn . Observe that if x1, x2 ∈ XK1
are 1-simplexes such that x1  x2, as simplicial maps into XK then y1  y2 as simplicial maps into XH where yi = gxi ,
i = 1,2. Thus
κ(G/H)n ◦ ΦX(gˆ)(z) = κ(G/H)n(y)
= ξH (∂(0,2,...,n) y)−1 ◦ [∂(2,...,n) y] ◦ ξH (∂(1,...,n) y)
= ξH (g∂(0,2,...,n)z)−1 ◦ [g∂(2,...,n)z] ◦ ξH (g∂(1,...,n)z)
= gξK (∂(0,2,...,n)z)−1 ◦ g[∂(2,...,n)z] ◦ gξK (∂(1,...,n)z)
= π X(gˆ) ◦ κ(G/K )n(z).
Thus κ : ΦX → π X is an OG -twisting function.
4. Equivariant simplicial cohomology with local coeﬃcients
In this section, we deﬁne a simplicial version of Bredon–Illman cohomology with local coeﬃcients (cf. [12]) and give an
alternative description of this cohomology via the notion of twisting as introduced in the last section.
Let X be a G-simplicial set and M an equivariant local coeﬃcients system on X . For each equivariant n-simplex σ : G/H×
[n] → X , we associate an equivariant 0-simplex σH : G/H × [0] → X given by
σH = σ ◦ (id× δ(1,2,...,n)),
where δ(1,2,...,n) is the composition
δ(1,2,...,n) : [0] δ1−→ [1] δ2−→ · · · δn−→ [n].
The jth face of σ is an equivariant (n − 1)-simplex of type H , denoted by σ ( j) , and is deﬁned by
σ ( j) = σ ◦ (id× δ j), 0 j  n.
Remark 4.1. Note that σ ( j)H = σH for j > 0, whereas
σ
(0)
H = σ ◦ (id× δ(0,2,...,n)).
Let CnG (X;M) be the group of all functions f deﬁned on equivariant n-simplexes σ : G/H × [n] → X such that f (σ ) ∈
M(σH ) with f (σ ) = 0, if σ is degenerate. We have a morphism σ∗ = [id,α] in π X from σH to σ (0)H induced by σ , where
α : G/H × [1] → X is given by α = σ ◦ (id× δ(2,...,n)). Deﬁne a homomorphism
δ : CnG(X;M) → Cn+1G (X;M),
f 
→ δ f
where for any equivariant (n + 1)-simplex σ of type H ,
(δ f )(σ ) = M(σ∗)
(
σ (0)
)+ n+1∑
j=1
(−1) j f (σ ( j)).
A routine veriﬁcation shows that δ ◦ δ = 0. Thus {C∗G(X;M), δ} is a cochain complex. We are interested in a subcomplex of
this cochain complex as deﬁned below.
Let η : G/H × [n] → X and τ : G/K × [n] → X be two equivariant n-simplexes. Suppose there exists a G-map
gˆ : G/H → G/K , g−1Hg ⊆ K , such that τ ◦ (gˆ × id) = η. Then η and τ are said to be compatible under gˆ . Observe that
if η and τ are compatible as described above then η is degenerate if and only if τ is degenerate. Moreover notice that in
this case, we have a morphism [gˆ,k] : ηH → τK in π X , where k = ηH ◦ (id × σ0), where σ0 : [1] → [0] is the map as
described in Section 2. Let us denote this induced morphism by g∗ .
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equivariant n-simplexes in X which are compatible under gˆ then f (η) = M(g∗)( f (τ )).
Proposition 4.3. If f ∈ SnG(X;M) then δ f ∈ Sn+1G (X;M).
Proof. Suppose η, τ are equivariant (n+1)-simplexes of type H and K respectively, which are compatible under gˆ : G/H →
G/K , g−1Hg ⊆ K . Then the faces η( j) and τ ( j) are also compatible under gˆ for all j, 0 j  n + 1. Moreover, the induced
morphism g∗ : η( j)H → τ ( j)K is the same as the induced morphism g∗ : ηH → τK for j  1 (cf. Remark 4.1) and the composi-
tions
ηH
η∗−→ η(0)H
g∗−→ τ (0)K and ηH
g∗−→ τK τ∗−→ τ (0)K
are the same. Thus
M(g∗)
(
δ f (τ )
)= M(g∗)M(τ∗) f (τ (0))+ n+1∑
j=1
(−1) jM(g∗) f
(
τ ( j)
)
= M(η∗)M(g∗) f
(
τ (0)
)+ n+1∑
j=1
(−1) jM(g∗) f
(
τ ( j)
)
= M(η∗) f
(
η(0)
)+ n+1∑
j=1
(−1) j f (η( j))= δ f (η). 
Thus we have a cochain complex SG(X;M) = {SnG(X;M), δ}.
Deﬁnition 4.4. Let X be a G-simplicial set with equivariant local coeﬃcient M on it. Then the nth Bredon–Illman cohomol-
ogy of X with local coeﬃcients M is deﬁned by
HnG(X;M) = Hn
(
SG(X;M)
)
.
Next, we introduce equivariant twisted cohomology and establish its connection with Bredon–Illman cohomology with
local coeﬃcients.
Let X be a G-simplicial set having a G-ﬁxed 0-simplex v . Suppose M0 is any given abelian OG -group equipped with
an action φ : π × M0 → M0, of an OG -group π . We regard π as a trivial OG -group complex. Let κ : ΦX → π be a given
OG -twisting function. We deﬁne equivariant twisted cohomology of X with coeﬃcients M0 and twisting κ as follows.
We have a cochain complex in the abelian category CG deﬁned by
Cn(X) : OG → Ab, G/H 
→ Cn
(
XH ;Z),
where Cn(XH ;Z) denotes the free abelian group generated by the non-degenerate n-simplexes of XH and for any morphism
in OG , gˆ : G/H → G/K , g−1Hg ⊆ K , Cn(X)(gˆ) is given by the map g∗ : Cn(XK ;Z) → Cn(XH ;Z), induced by the simplicial
map g : XK → XH . The boundary ∂n : Cn(X) → Cn−1(X) is a natural transformation deﬁned by ∂n(G/H) : Cn(XH ;Z) →
Cn−1(XH ;Z), where ∂n(G/H) is the ordinary boundary map of the simplicial set XH . Dualising this chain complex in the
abelian category CG we get the cochain complex{
C∗G(X;M0) = HomCG
(
C∗(X),M0
)
, δn
}
,
which deﬁnes the ordinary Bredon cohomology of the G-simplicial set X with coeﬃcients M0. To deﬁne the twisted coho-
mology of the G-simplicial set X we modify the coboundary maps as follows
δnκ : CnG(X;M0) → Cn+1G (X;M0), f 
→ δnκ f
where
δnκ f (G/H) : Cn+1
(
XH ;Z)→ M0(G/H)
is given by
δnκ f (G/H)(x) =
(
κ(G/H)n+1(x)
)−1
f (G/H)(∂0x) +
n+1∑
i=1
(−1)i f (G/H)(∂i x)
for x ∈ XHn+1. Note that the ﬁrst term of the right-hand side is obtained by the given action φ. We denote the resulting
cochain complex by C∗ (X;κ,φ).G
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HnG(X;κ,φ) := Hn
(
C∗G(X;κ,φ)
)
.
Remark 4.6. We remark that this deﬁnition of twisted cohomology makes sense when ΦX is replaced by any OG -simplicial
set.
Suppose X is a G-connected G-simplicial set with a G-ﬁxed 0-simplex v . Let M be an equivariant local coeﬃcients
system on X and M0 be the associated abelian OG -group equipped with an action of the OG -group π X as introduced in
Section 2. Let κ be the OG -twisting function on as introduced in Example 3.9.
Theorem 4.7.With the above hypothesis
HnG(X;M)  HnG(X;κ,φ)
for all n.
Proof. Deﬁne a cochain map
S∗G(X;M) Ψ
∗−−→ C∗G(X;κ,φ)
as follows. Let f ∈ SnG(X;M) and y ∈ (XH )n be non-degenerate. Let σ be the unique equivariant n-simplex of type H such
that σ(eH,n) = y. Then
Ψ n( f )(G/H) : Cn
(
XH
)→ M0(G/H)
is given by
Ψ n( f )(G/H)(y) = M(bξH (∂(1,...,n) y)) f (σ ).
To check that Ψ n( f ) ∈ CnG(X;κ,φ), suppose g−1Hg ⊆ K . Note that if z ∈ XKn and y = gz, then y ∈ XH . Moreover, if
σ be as above and τ denotes the unique equivariant n-simplex of type K such that τ (eK ,n) = z, then the equivariant
n-simplexes σ and τ are compatible under gˆ . As f ∈ SnG(X;M), we must have f (σ ) = M(σH
g∗−−→ τK ) f (τ ). Therefore by
deﬁnition of Ψ n we have
Ψ n( f )(G/H)(y) = M(vH bξH (∂(1,...,n) y)−−−−−−−−→ σH ) f (σ )
= M(vH bξH (∂(1,...,n) y)−−−−−−−−→ σH )M(σH g∗−→ τK ) f (τ ).
On the other hand,
M0(gˆ)Ψ
n( f )(G/K )(z) = M0(gˆ)M(vK bξK (∂(1,...,n)z)−−−−−−−−→ τK ) f (τ ).
Recall that M0(gˆ) = M([gˆ,k]), where k : G/H × [1] → X is given by k(eH,1) = s0v and note that
g∗ ◦ bξH (∂(1,...,n) y) = bξK (∂(1,...,n)z) ◦ [gˆ,k]
as composition of morphisms in π X . Thus Ψ n( f ) ∈ CnG (X;κ,φ).
To check that Ψ ∗ is a cochain map, let f ∈ SnG(X;M), y ∈ XHn+1 and let σ be the equivariant (n + 1)-simplex of type H
such that σ(eH,n+1) = y. Observe that the ith face σ (i) is such that σ (i)(eH,n) = ∂i y. Thus by the deﬁnition of the
twisted coboundary we have
δ
(
Ψ n( f )
)
(G/H)(y) = κ(G/H)(y)−1Ψ n( f )(G/H)(∂0 y) +
n+1∑
i=1
(−1)iΨ n( f )(G/H)(∂i y)
= κ(G/H)(y)−1M(bξH (∂(1,...,n)∂0 y)) f (σ (0))+ n+1∑
i=1
(−1)iM(bξH (∂(1,...,n)∂i y)) f (σ (i))
= κ(G/H)(y)−1M(bξH (∂(1,...,n)∂0 y)) f (σ (0))+ n+1∑
i=1
(−1)iM(bξH (∂(1,...,n+1) y)) f (σ (i)).
Note that ∂(1,...,n+1) y = ∂(1,...,n)∂i y for i > 0.
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Ψ n+1(δ f )(G/H)(y) = M(vH bξH (∂(1,...,n+1) y)−−−−−−−−−→ σH )(δ f )(y)
= M(vH bξH (∂(1,...,n+1) y)−−−−−−−−−→ σH )
{
M(σ∗) f
(
σ (0)
)+ n+1∑
i=1
(−1)i f (σ (i))
}
.
Therefore we need to compare the ﬁrst two terms on the left-hand side of the above two expressions. By the deﬁnition of
the action of π X on M0 and by Example 3.9, we have
κ(G/H)(y)−1M
(
vH
bξH (∂(1,...,n)∂0 y)−−−−−−−−−→ σ (0)H
)
= M(bξ−1H (∂(0,2,...,n+1) y) ◦ b[∂(2,...,n+1) y] ◦ ξH (∂(1,...,n+1) y))M(bξH (∂(1,...,n)∂0 y))
= M(bξH (∂(1,...,n)∂0 y) ◦ bξ−1H (∂(0,2,...,n+1) y) ◦ b[∂(2,...,n+1) y] ◦ bξH (∂(1,...,n+1) y))
= M(b[∂(2,...,n+1) y] ◦ bξH (∂(1,...,n+1) y))
= M(bξH (∂(1,...,n+1) y))M(σ∗).
Observe that ∂(0,2,...,n+1) y = ∂(1,2,...,n)∂0 y. Hence Ψ ∗ is a cochain map.
Next we deﬁne a map
Γ ∗ : C∗G(X;κ,φ) → S∗G(X;M)
as follows. Let f ∈ CnG(X;κ,φ) and σ : G/H × [n] → X be a non-degenerate equivariant n-simplex of type H . Let y =
σ(eH,n). Deﬁne
Γ n( f )(σ ) := M(σH bξ
−1
H (∂(1,...,n) y)−−−−−−−−−→ vH ) f (G/H)(y).
To show that Γ n( f ) ∈ SnG(X;M), suppose g−1Hg ⊆ K , and σ , τ are non-degenerate equivariant n-simplexes in X of type H
and K respectively, such that σ and τ are compatible under gˆ : G/H → G/K . Let z = τ (eK ,n). Then y = gz. Note that
M(σH
g∗−→ τK )
(
Γ n( f )(τ )
)= M(σH g∗−→ τK )M(τK bξ−1K (∂(1,...,n)z)−−−−−−−−−→ vK )( f (G/K )(z))
= M(bξ−1K (∂(1,...,n)z) ◦ g∗)( f (G/K )(z))
and
Γ n( f )(σ ) = M(σH bξH (∂(1,...,n) y)−−−−−−−−→ vH ) f (G/H)(y).
But by naturality of f we have f (G/H)(y) = M0(gˆ) f (G/K )(z), moreover,
bξK (∂(1,...,n)z) ◦ [gˆ,k] = g∗ ◦ bξH (∂(1,...,n) y).
Hence Γ n( f )(σ ) = M(g∗)Γ n( f )(τ ). Thus Γ n( f ) ∈ SnG(X;M). It is straightforward to verify that Ψ ∗ and Γ ∗ are inverses to
each other. This completes the proof of the theorem. 
5. Classiﬁcation
The aim of this last section is to prove a classiﬁcation theorem for simplicial version of Bredon–Illman cohomology with
local coeﬃcients as introduced in Section 4. We ﬁrst prove a classiﬁcation theorem for equivariant twisted cohomology of a
G-simplicial set, generalizing the corresponding non-equivariant result [10]. We then use the isomorphism in Theorem 4.7
to deduce the desired result.
Recall that twisted cohomology or cohomology with local coeﬃcients of any simplicial set is classiﬁed by the so-called
generalized Eilenberg–MacLane complexes [10,9,3]. We note that the construction of the standard generalized Eilenberg–
MacLane complex is functorial. This motivates us to introduce the notion of OG -generalized Eilenberg–MacLane complex
and use it to prove the classiﬁcation theorem. We ﬁrst recall the notion of a generalized Eilenberg–MacLane complex [8].
For any abelian group A and any integer n > 1, let K (A,n) be the standard Eilenberg–MacLane complex. Recall that
K (A,n) can be described as a simplicial abelian group in the following way. Consider a simplicial abelian group C(A,n)
with q-simplices C(A,n)q = Cn([q]; A), the group of normalized n-cochains of the simplicial set [q]. For μ ∈ Cn([q]; A),
∂iμ and s jμ are deﬁned by
∂iμ(α) = μ
(
δi(α)
)
, s jμ(β) = μ
(
σ j(β)
)
for any n-simplex α ∈ [q − 1] and for any n-simplex β ∈ [q + 1] respectively, where δi : [q − 1] → [q] and
σ j : [q + 1] → [q] are the simplicial maps as deﬁned in Section 2. We have a simplicial group homomorphism
δn : C(A,n) → C(A,n + 1)
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K (A,n)q = Ker δn = Zn
(
[q]; A)
the group of normalized n-cocycles. Suppose π is any group which acts on A, the action being given by φ : π → Aut(A).
Then π acts on K (A,n) in the following way. For a ∈ π and μ ∈ K (A,n)q , aμ := φ(a) ◦μ. Let Wπ denote the standard free
acyclic complex corresponding to the group π . Then a model for the generalized Eilenberg–MacLane complex of the type
(A,n, φ) is
Lπ (A,n) =
(
K (A,n) × Wπ)/π
where we quotient out by the diagonal action.
Remark 5.1.
1. Let Wπ → Wπ be the universal π -bundle [11] and κ(π) : Wπ → π be the canonical twisting function
κ(π)
([g1, g2, . . . , gq])= g1.
Then recall [15] that Lπ (A,n) can be viewed as a TCP [11]
K (A,n) ×κ(π) Wπ → Wπ.
2. Suppose (A, φ) is a π -module and (A′, φ′) is a π ′-module. Moreover, suppose that α : π → π ′ is a group homomor-
phism. View A′ as a π -module via α. Then any π -module homomorphism f : A → A′ induces a map
f∗ : K (A,n) ×κ(π) Wπ → K
(
A′,n
)×κ(π ′) Wπ ′
in the obvious way.
By Remark 5.1, we have an OG -Kan complex as described below which plays the role of the classifying space in the
present context.
Let π be an OG -group and M0 be an OG -abelian group equipped with an action φ : π × M0 → M0. Then by the above
description we have an OG -simplicial differential graded abelian group {C(M0,n)} where(
C(M0,n)(G/H)
)
q = Cn
(
[q];M0(G/H)
)
for every object G/H of OG and C(M0,n)(gˆ) is induced by M0(gˆ) for every morphism gˆ : G/H → G/K . We denote by
K (M0,n) = Ker(δn : C(M0,n) → C(M0,n+ 1)) the corresponding OG -simplicial abelian group. Note that K (M0,n) is an OG -
Eilenberg–MacLane complex. Similarly, let Wπ denote the OG -Kan complex deﬁned by Wπ(G/H) = Wπ(G/H) for every
objects G/H ∈ OG and with the obvious deﬁnition of Wπ(gˆ) induced by π(gˆ) for a morphism gˆ : G/H → G/K in OG . Note
that we have an OG -twisting function κ(π) : Wπ → π , given by κ(π)(G/H)([g1, g2, . . . , gq]) = g1. By Remark 5.1, we have
the following OG -Kan complexes.
χφ(M0,n) := C(M0,n) ×κ(π) Wπ
and
Lφ(M0,n) := K (M0,n) ×κ(π) Wπ.
We have natural projections onto the second factor
χφ(M0,n)
p−→ Wπ, Lφ(M0,n) p−→ Wπ
and we view these OG -Kan complexes as objects over Wπ .
Deﬁnition 5.2. We call the OG -Kan complex Lφ(M0,n) the generalized OG -Eilenberg–MacLane complex.
We shall need the following lemma.
Lemma 5.3. For a subgroup H of G and an integer q  0 consider the G-simplicial set G/H × [q]. Let M0 be an abelian OG-group
with a given action φ of an OG-group π . Let κ : Φ(G/H × [q]) → π be a twisting function. Then there is a cochain isomorphism
E∗H : C∗G
(
G/H × [q];κ,φ)→ C∗([q];M0(G/H))
which is natural with respect to morphisms in OG .
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EnH ( f )(α) = κ(G/H)
(
eH, (0,α0)
)−1
f (G/H)(eH,α).
Observe that (eH, (0,α0)) and (eH,α) are respectively a 1-simplex and an n-simplex in (G/H × [q])H and the right-hand
side of the above equality is given by the action of π(G/H) on M0(G/H).
To check that E∗H is a cochain map, let f ∈ Cn−1G (G/H × [q];κ,φ) and α = (α0, . . . ,αn) ∈ [q]n . Then
EnH (δκ f )(α) = κ(G/H)
(
eH, (0,α0)
)−1
(δκ f )(G/H)(eH,α)
= κ(G/H)(eH, (0,α0))−1
{
κ(G/H)(eH,α)−1 f (G/H)
(
∂0(eH,α)
)+ n∑
i=1
(−1)i f (G/H)(∂i(eH,α))
}
.
On the other hand,
δ
(
En−1H f
)
(α) =
n∑
i=0
En−1H ( f )(∂iα)
= κ(G/H)(eH, (0,α1))−1 f (G/H)(eH, ∂0α) + n∑
i=1
(−1)iκ(G/H)(eH, (0,α0))−1 f (G/H)(eH, ∂iα).
Note that ∂i(eH,α) = (eH, ∂iα). Therefore E∗H will be a cochain map provided we show that
κ(G/H)(eH,α)κ(G/H)
(
eH, (0,α0)
)= κ(G/H)(eH, (0,α1)).
We may assume that α0 = 0, for if α0 = 0, then by the property of twisted function
κ(G/H)
(
eH, (0,α0)
)= κ(G/H)(s0(eH, (0)))= eH ,
the identity of π(G/H). Moreover,
κ(G/H)
(
eH, (0,α1)
)= κ(G/H)(∂(2,...,n)(eH,α))
= ∂(1,...,n−1)κ(G/H)(eH,α)
= κ(G/H)(eH,α).
The last equality holds because all the face maps of the group complex π(G/H) are identity. So suppose α0 = 0. Now
observe that α = ∂0β where β = (0,α0, . . . ,αn) ∈ [q]n+1. So κ(G/H)(eH,α) = κ(G/H)(∂0(eH, β)). Furthermore,
κ(G/H)
(
eH, (0,α0)
)= κ(G/H)(∂(2,...,n+1)(eH, β))= κH (eH, β).
Therefore
κ(G/H)(eH,α)κ(G/H)
(
eH, (0,α0)
)= κ(G/H)(∂0(eH, β))κ(G/H)(eH, β)
= κ(G/H)(eH, ∂1β).
Now note that ∂1β = (0,α1,α2, . . . ,αn). As a consequence,
κ(G/H)
(
eH, (0,α1)
)= κ(G/H)(∂(2,...,n)(eH, ∂1β))= κ(G/H)(eH, ∂1β).
The inverse(
E∗H
)−1 : C∗([q];M0(G/H))→ C∗G(G/H × [q];κ,φ)
is deﬁned as follows. Suppose c ∈ Cn([q];M0(G/H)). Then
f = (E∗H)−1(c) : Cn(G/H × [q])→ M0
is given by
f (G/K )
(
(aˆ,α)
)= M0(aˆ)(κ(G/H)(eH, (0,α0))c(α))
for any object G/K in OG and for any n-simplex (aˆ,α) in (G/H × [q])K , where
α = (α0, . . . ,αn) with 0 α0 < α1 < · · · < αn  q.
Observe that
aˆ ∈ (G/H)K = HomG(G/K ,G/H) = morOG (G/K ,G/H).
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OG -twisting function. Let κ = Φ(gˆ× id)κ ′ be the twisting function induced by the G-map gˆ× id : G/H×[q] → G/K ×[q].
Let
(gˆ × id)∗ : C∗G
(
G/K × [q];κ ′, φ)→ C∗G(G/H × [q];κ,φ)
be the cochain map induced by gˆ × id and let
M0(gˆ)∗ : C∗
(
[q];M0(G/K )
)→ C∗([q];M0(G/H))
be the map induced by the coeﬃcient homomorphism M0(gˆ) : M0(G/K ) → M0(G/H). We need to verify that
M0(gˆ)∗ ◦ E∗K = E∗H ◦ (gˆ × id)∗.
Let f ∈ C∗G(G/K × [q];κ ′, φ) and α = (α0, . . . ,αn) be a non-degenerate n-simplex in [q]. Then
M0(gˆ)n ◦ EnK ( f )(α) = M0(gˆ)
(
κ ′(G/K )
(
eK , (0,α0)
)−1
f (G/K )(eK ,α)
)
.
On the other hand,
EnH ◦ (gˆ × id)n( f )(α) = κ(G/H)
(
eH, (0,α0)
)−1(
(gˆ × id)n( f )
)
(G/H)(eH,α)
= κ(G/H)(eH, (0,α0))−1 f (G/H)(gˆ × id)(eK ,α)
= κ ′(G/H)(gK , (0,α0))−1M0(gˆ) f (G/K )(eK ,α)
= M0(gˆ)
(
κ ′(G/K )
(
eK , (0,α0)
)−1
f (G/K )(eK ,α)
)
.
By the naturality of f and the twisting function κ ′ . Hence the above equality holds. 
Suppose X is a G-simplicial set. As before, M0 stands for an abelian OG -group with a given action φ of an OG -group π .
Let κ : ΦX → π be a given OG -twisting function and
κ(π) : Wπ → π
be the OG -twisting function
κ(π)(G/H)
([g1, g2, . . . , gq])= g1.
We have a natural map θ(κ) : ΦX → Wπ deﬁned as follows
XHq → Wπ(G/H)q,
x 
→ [κ(G/H)q(x), κ(G/H)q−1(∂0x), . . . , κ(G/H)1(∂q−10 x)].
Note that κ(π) ◦ θ(κ) = κ . Let (ΦX,χφ(M0,n)) denote the set of all liftings of the map θ(κ) under p. Clearly
(ΦX,χφ(M0,n)) has an abelian group structure induced ﬁbre wise from that of the cochain group. Note that we have
coboundary
C(M0,n) ×κ(π) Wπ δ
n×κ(π)id−−−−−−→ C(M0,n + 1) ×κ(π) Wπ.
If we write f (G/H)(x) = (c, g) where
x ∈ XHq , c ∈ Cn
(
[q];M0(G/H)
)
, g ∈ Wπ(G/H)q,
then (δn ×κ(π) id) f (G/H)(x) = (δnc, g). Thus{(
ΦX,χφ(M0,n)
)
, δn ×κ(π) id
}
is a cochain complex.
Theorem 5.4. There is a cochain isomorphism
Ψ ∗ : {(ΦX,χφ(M0,∗))(δ ×κ(π) id)}∼= {C∗G(X;κ,φ), δκ}.
Proof. Suppose f ∈ (ΦX,χφ(M0,n)). Then Ψ n f : Cn X → M0 is a natural transformation deﬁned as follows. Let G/H be any
object in OG and x ∈ XHn . Suppose
f (G/H)(x) = (c, g), c ∈ Cn([n];M0(G/H)), g ∈ (Wπ(G/H)) .n
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→ Ψ n f deﬁnes the
homomorphism Ψ n .
To check that Ψ ∗ is a cochain map, we compute Ψ n+1(δn ×κ(π) id) f . As before for x ∈ XHn+1, if f (G/H)(x) = (c, g),
c ∈ Cn([n + 1];M0(G/H)), g ∈ (Wπ(G/H))n+1, then (δn ×κ(π) id) f (G/H)(x) = (δnc, g). Therefore
Ψ n+1(δ ×κ(π) id) f (G/H)(x) = δc(n+1)
=
n+1∑
i=0
(−1)ic(∂in+1).
On the other hand,
δκ (Ψ
n f )(G/H)(x) = κ(G/H)n+1(x)−1Ψ n f (G/H)(∂0x) +
n+1∑
i=1
(−1)iΨ n f (G/H)(∂i x).
Since f (G/H) is simplicial we have
f (G/H)(∂0x) = ∂0 f (G/H)(x) =
(
κ(π)(G/H)(g)∂0c, ∂0g
)
,
by the deﬁnition of the face map ∂0 in χφ(M0,n)(G/H). Therefore
Ψ n f (G/H)(∂0x) = κ(π)(G/H)(g)∂0c(n).
Now observe that
g = p(G/H) f (G/H)(x) = θ(κ)(G/H)(x).
As a consequence, κ(π)(G/H)(g) = κ(G/H)n+1(x). Thus
κ(G/H)n+1(x)−1Ψ n f (G/H)(∂0x) = ∂0c(n) = c
(
δ0(n)
)= c(∂0(n+1)).
Similarly, for i > 0, Ψ n f (G/H)(∂i x) = ∂ic(n) = c(δi(n)) = c(∂in+1). Therefore
δκ
(
Ψ n f
)= Ψ n+1(δn ×κ(π) id) f .
Hence Ψ is a chain map.
Conversely, we deﬁne a homomorphism
Γ n : CnG(X;κ,φ) →
(
ΦX,χφ(M0,n)
)
in the following way. Let
T ∈ CnG(X;κ,φ) = HomCG
(
Cn(X),M0
)
.
To deﬁne Γ nT : ΦX → χφ(M0,n), note that for any subgroup H of G and x ∈ XHq ,
Γ nT (G/H)(x) ∈ Cn([q];M0(G/H))× (Wπ(G/H))q
with θ(κ)(G/H)(x) as the second component, as Γ nT has to be a lift of θ(κ). To determine the ﬁrst component of
Γ nT (G/H)(x) note that the G-simplicial map σ : G/H × [q] → X , σ(eH,q) = x induces
σ ∗ : C∗G(X;κ,φ) → C∗G
(
G/H × [q];κΦσ,φ).
Using the isomorphism E∗H of Lemma 5.3, we deﬁne
Γ nT (G/H)(x) = (EnHσ ∗(T ), θ(κ)(G/H)(x)).
Suppose gˆ : G/H → G/K , g−1Hg ⊆ K is any morphism in OG . Let y ∈ XKq and x = gy. Suppose τ : G/K ×[q] → X is the G-
simplicial map with τ (eK ,q) = y. Then the G-simplicial map σ = τ ◦ (gˆ × id) corresponds to x. Clearly (gˆ × id)∗ ◦ τ ∗ = σ ∗ ,
where
(gˆ × id)∗ : C∗G
(
G/K × [q];κΦ y, φ)→ C∗G(G/H × [q];κΦx, φ)
is induced by gˆ× id. This observation along with the naturality of E∗H , imply that Γ nT is a natural transformation. It remains
to prove that Γ ∗ is the inverse of Ψ ∗ .
Let f ∈ CnG (X;κ,φ). Then Ψ nΓ n( f ) = f . For if H ⊆ G , x ∈ XHn and σ be the equivariant n-simplex of type H with
σ(eH,n) = x then
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(
σ ∗ f
)
(n)
= {κΦσ(G/H)(eH, (0,0))}−1(σ ∗ f )(eH,n)
= {κΦσ(G/H)(s0(eH, (0)))}−1 f (G/H)(x)
= eH f (G/H)(x) = f (G/H)(x).
The last two equalities follow from the properties of the twisting function κΦσ . It follows that Ψ nΓ n = id.
Next we prove that Γ nΨ n f = f for f : ΦX → χφ(M0,n), a lift of θ(κ). Let H ⊆ G and x ∈ XHq . Let σ : G/H × [q] → X
be the equivariant simplicial map such that σ(eH,q) = x. Then by the deﬁnition of Γ ∗ we have
Γ nΨ n( f )(G/H)(x) = (EnHσ ∗(Ψ n f ), θ(κ)(G/H)(x)).
On the other hand, since f : ΦX → χφ(M0,n) is a lift of θ(κ), f (G/H)(x) = (c,u), where u = θ(κ)(G/H)(x), for some
cochain c ∈ Cn([q];M0(G/H)). We show that c = EnHσ ∗(Ψ n f ). Let α = (α0, . . . ,αn) ∈ [q] be a non-degenerate n-simplex.
Then
α = ∂(i1,i2,...,iq−n)q
where 0 i1 < i2 < · · · < iq−n  q and
{α0, . . . ,αn, i1, . . . , iq−n} = {0,1,2, . . . ,q}.
Then
EnH
(
σ ∗
(
Ψ n f
))
(α) = κ(G/H)1Φσ(G/H)
(
eH, (0,α0)
)−1
σ ∗
(
Ψ n f
)
(G/H)(eH,α)
= κ(G/H)1Φσ(G/H)
(
eH, (0,α0)
)−1
Ψ n f (G/H)
(
σ(eH,α)
)
= κ(G/H)1Φσ(G/H)
(
eH, (0,α0)
)−1
Ψ n f (G/H)
(
∂(i1,i2,...,iq−n)σ (eH,q)
)
= κ(G/H)1Φσ(G/H)
(
eH, (0,α0)
)−1
Ψ n f (G/H)(∂(i1,i2,...,iq−n)x).
Suppose α0 = 0. Then properties of a twisting function imply
κΦσ(G/H)
(
eH, (0,α0)
)= eH .
Moreover, as f (G/H) is simplicial we have
f (G/H)∂(i1,...,iq−n)(x) = ∂(i1,...,iq−n) f (G/H)(x)
= ∂(i1,...,iq−n)(c,u)
= (∂(i1,...,iq−n)c, ∂(i1,...,iq−n)u).
Note that since α0 = 0, i1 is greater than zero. Therefore by the deﬁnition of Ψ ∗
EnH
(
σ ∗
(
Ψ n f
))
(α) = Ψ n f (G/H)(∂(i1,i2,...,iq−n)x)
= ∂(i1,i2,...,iq−n)c(n)
= c(δ(i1,i2,...,iq−n)n)
= c(α).
On the other hand if α0 = 0 then we must have i0 = 0 and therefore
f (G/H)(∂(i1,...,iq−n)x) = ∂(i1,...,iq−n) f (G/H)(x)
= ∂(0,i2,...,iq−n)(c,u)
= ∂0(∂(i2,...,iq−n)c, ∂(i2,...,iq−n)u)
= (κ(π)(G/H)(∂(i2,...,iq−n)u)∂(0,i2,...,iq−n)c, ∂(0,i2,...,iq−n)u),
by the deﬁnition of ∂0 in a twisted product. Thus using the deﬁnition of Ψ ∗ we get
Ψ n f (G/H)(∂(i1,i2,...,iq−n)x) = κ(π)(G/H)(∂(i2,...,iq−n)u)∂(0,i2,...,iq−n)c(n).
Now observe that
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(
∂(i2,...,iq−n)θ(κ)(G/H)(Φσ)(G/H)(eH,q)
)
= κ(π)(G/H)θ(κ)(G/H)Φσ(G/H)(eH, ∂(i2,...,iq−n)q)
= κ(G/H)n+1Φσ(G/H)
(
eH, (0,α0, . . . ,αn)
)
= κ(G/H)1Φσ(G/H)
(
eH, (0,α0)
)
.
The last equality holds because Φσ(G/H) is a simplicial map,
(0,α0) = ∂(2,...,n+1)(0,α0, . . . ,αn)
and all the face maps of the group complex π(G/H) are identity maps.
Therefore
EnH
(
σ ∗
(
Ψ n f
))
(α) = ∂(0,i2,...,iq−n)c(n) = c(α). 
Consider the OG -twisting function
κ(π)p : χφ(M0,n) → π.
By Remark 4.6, the twisted cochain complex C∗G (χφ(M0,n);κ(π)p, φ) makes sense. We deﬁne a cochain
u ∈ CnG
(
χφ(M0,n);κ(π)p, φ
)= HomCG (Cn(C∗G(χφ(M0,n)),M0))
as follows. For an object G/H in OG ,
u(G/H) : Cn
(
χφ(M0,n)
)
(G/H) → M0(G/H)
is given by u(G/H)((c, g)) = c(n) where
(c, g) ∈ χφ(M0,n)(G/H)n = Cn
(
[n];M0(G/H)
)×κ(π)(G/H) W π (G/H)
and u(gˆ) is induced by M0(gˆ) for any morphism gˆ : G/H → G/K , g−1Hg ⊆ K . It is easy to check that u as deﬁned above
satisﬁes the required naturality condition and hence is a cochain.
Deﬁnition 5.5. We call the cochain u ∈ CnG (χφ(M0,n);κ(π)p, φ) the fundamental cochain.
Remark 5.6. Suppose f ∈ (ΦX,χφ(M0,n)). Then for any object G/H in OG ,
f (G/H) : XH → Cn([−];M0(G/H))×κ(π)(G/H) (W π (G/H))
induces a cochain map f (G/H)∗ from the cochain complex
C∗
(
Cn
(
[−];M0(G/H)
)×κ(π)(G/H) Wπ(G/H);M0(G/H))
to the cochain complex C∗(XH ;M0(G/H)) and hence
f (G/H)∗u(G/H) ∈ Cn(XH ;M0(G/H))= Hom(Cn(XH),M0(G/H)).
Therefore for any x ∈ XHn ,
f (G/H)∗u(G/H)(x) = u(G/H)( f (G/H)(x))= u(G/H)(c, g) = c(n).
Thus Ψ n( f )(G/H)(x) = f (G/H)∗u(G/H)(x). Hence Ψ n f = f ∗(u), the pull-back of the fundamental cochain u by f .
Corollary 5.7. For every n,
Γ n : CnG(X;κ,φ) →
(
ΦX,χφ(M0,n)
)
restricted to cocycles induces isomorphism
ZnG(X;κ,φ) ∼=
(
ΦX, Lφ(M0,n)
)
.
Deﬁnition 5.8. Suppose f , g ∈ (ΦX, Lφ(M0,n)). Then f and g are said to be vertically homotopic if there is a homotopy
F : f  g of maps of OG -simplicial sets (cf. Deﬁnition 2.8) such that p ◦ F = θ(κ) ◦ pr1, where pr1 : ΦX ×[1] → ΦX is the
projection onto the ﬁrst factor.
Proposition 5.9. Under the isomorphism
ZnG(X;κ,φ) Γ
n−→ (ΦX, Lφ(M0,n)),
f0, f1 ∈ Zn (X;κ) are cohomologous if and only if Γ n f0 , Γ n f1 are vertically homotopic.φ
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f0 = f1 + δκh
for some h ∈ Cn−1G (X;κ,φ). Let κ1 denote the OG -twisting function obtained by composing κ and the projection ΦX ×
[1] → ΦX . To show that Γ f0,Γ f1 are vertically homotopic, it suﬃces to ﬁnd γ ∈ ZnG(X×[1];κ1, φ) such that i∗0(γ ) = f0
and i∗1(γ ) = f1, where i0, i1 : X → X × [1] are two obvious inclusions, because, in that case, the image of γ under the
isomorphism
Γ : ZnG
(
X × [1];κ1, φ
)→ (Φ(X × [1]), Lφ(M0,n))
will serve as a vertical homotopy between Γ f0 and Γ f1.
Let γ0 = pr∗1 f0 ∈ ZnG(X × [1];κ1, φ), where
pr∗1 : C∗G(X;κ,φ) → C∗G
(
X × [1];κ1, φ
)
is the cochain map induced by the projection X × [1] → X . Clearly i∗0(γ0) = i∗1(γ0) = f0, where i∗0, i∗1 : C∗G(X ×
[1];κ1, φ) → C∗G(X;κ,φ) are the maps induced by i0 and i1 respectively. Regard h ∈ Cn−1G (X;κ,φ) as a cochain deﬁned
on i1(X) and we may extend it to a cochain
β ∈ Cn−1G
(
X × [1];κ1, φ
)
such that i∗0(β) = 0, i∗1(β) = h. Set γ = γ0 − δβ . Observe that
i∗0(γ ) = i∗0
(
γ0 − (δκ1β)
)= f0 − δκ(i∗0β)= f0,
and similarly,
i∗1(γ ) = f0 − δκ
(
i∗1β
)= f0 − δκh = f1.
Conversely, suppose Γ n f0 and Γ n f1 are vertically homotopic. Then they are homotopic in the sense of Deﬁnition 2.8
and so Γ n f0(G/H) and Γ n f1(G/H) are simplicially homotopic for any subgroup H of G . As a consequence,
Γ n f0(G/H)
∗ = Γ n f1(G/H)∗.
Therefore by Remark 5.6, f0 = f1. 
Recall [5] that the category OGS of OG -simplicial sets is a closed model category in the sense of Quillen [14]. Moreover,
recall that if C is an object of a closed model category C , then the category C ↓ C , the category of objects over C has
a closed model structure, induced from that of C (cf. [9, p. 330]). In particular, the category OGS ↓ Wπ of objects over
Wπ ∈ OGS is a closed model category. Consequently, the vertical homotopy of liftings of θ(κ) to Lφ(M0,n), viewed as
abstract homotopy of morphisms of OGS ↓ Wπ , is an equivalence relation.
From Corollary 5.7 and Proposition 5.9, we obtain the following result.
Theorem 5.10. Suppose X is a G-simplicial set and κ : ΦX → π is a twisting function. Then
HnG(X;κ,φ) ∼=
[
ΦX, Lφ(M0,n)
]
Wπ
where right-hand side denote the vertical homotopy class of lifting of the map θ(κ).
Suppose X is a G-connected G-simplicial set with a G-ﬁxed 0-simplex v and assume that M a given equivariant local
coeﬃcients system on X . Let M0 be the associated abelian OG -group equipped with an action φ of the OG -group π = π X .
Let κ be the OG -twisting function as in Example 3.9. Then from the above theorem and Theorem 5.4, we obtain the
following result.
Theorem 5.11. Under the above hypothesis,
HnG(X;M) ∼=
[
ΦX, Lφ(M0,n)
]
Wπ for all n.
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